The Q-factor of the optical nanowire microcoil resonator is calculated and compared for different geometries. The results suggest that the Q-factor is very sensitive to the coupling conditions and high-Q resonators can be obtained more easily when the geometry of the nanowire microcoil resonator or its coupling contour has a bi-conical profile.
INTRODUCTION
High-Q microresonators have found numerous applications, for example in microlasers, narrow filters, optical switching, ultrafine sensing, displacement measurements, high resolution spectroscopy, and studies of nonlinear optical effects. The investigated structures include whispering gallery resonators [1] [2] [3] [4] , microring resonators [5] [6] [7] , micropost (or micropillar) cavities [8] , photonic crystal defect microcavities [9] and more recently the self-coupling nanowire coil resonator [10] [11] [12] [13] [14] [15] . The optical nanowire microcoil resonator (ONMR) is a three-dimensional generalization of the loop/ring resonator. It can be realized by wrapping an optical nanowire on a low index dielectric rod [12] [13] [14] [15] . Since it is fabricated from a single mode fiber, the ONMR has a unique advantage in coupling light in and out of the resonator. With recent progress in the fabrication of low-loss optical nanowires [16] [17] [18] [19] , the Q-factor of ONMRs could potentially compete with the highest Q-factors currently available in microresonators, i.e., with the Q-factors of whispering gallery modes in silica microspheres or microdisks [20] . In this paper we investigate the dependence of the Q-factor of ONMRs on coupling parameters in different geometries and demonstrate that the uniform profile is not the optimal profile to easily obtain high Q-factors. 
THEORETICAL MODEL
The results described in the later sections of this work are obtained from numerical solutions of a set of coupled wave equations as outlined in the following. In the ONMR illustrated in Fig. 1, A(θ) is defined as the light field amplitude at position (θ, R(θ)) in a cylindrical coordinate system, where R(θ) is the distance from the z-axis and θ is the angle coordinate. It is convenient to define the amplitude A m (θ) of the field at the m th turn and to consider θ as the common 1   1  1 2   2  2  2 1  2  2 3   3  3 2   2 1 2
coordinate along turns, so that 0 < θ <2π. The propagation of light along the coil in an M-turn ONMR is then described by the coupled wave equations [10] :
β is the propagation constant, and κ pq is the coupling coefficient between the p th and q th turns [9] . Here only the coupling between two adjacent turns is considered, and the coefficient β is supposed to be independent of θ. At θ =2π, the coils and the field amplitudes must be continuous, which leads to the continuity conditions:
We introduce the average radius R 0 , the coupling parameter K pq , the transmission amplitude T, and the Q-factor Q defined as
where ∆λ is the full width at half maximum (FWHM) of the transmission spectrum or the group delay near the wavelength λ 0 [21] . If propagation losses are ignored, β is real and |T|=1. In this case, the coil performs as an all-pass filter and the resonances of the transmission coefficient appear in the group delay only. Furthermore, in the lossless case the FWHM of the resonances approaches zero and thus the Q-factor becomes infinite. For the realistic case of a nanowire with finite loss, the FWHM has a non-zero minimum. The actual value of the FWHM depends on the ONMR geometry, which is characterized by the diameter R m (θ) of the individual turns, and on the spatial variation of the coupling constant χ pq (θ), which is determined by the microcoil pitch.
For the results presented here, we numerically solved Eq. (1) assuming a nanowire diameter of D=1000 nm, a fiber refractive index of 1.46 with an effective index of n eff =1.2 at a wavelength of 1.55 µm, R 0 =125/2 µm, and a propagation loss of ~0.02 dB/mm. The coupling parameter K is very sensitive to the distance between the central axes of adjacent turns: it is maximum (K M ~ 20) when two turns touch (the distance between them is equal to their diameter D), and K ~ 4 when the distance is increased to 1.5D. For our simulations, we scan K through the entire range from 0 to K M . Fig. 2 shows the transmission spectra of two ONMRs with M=3 and 4 turns, respectively, with constant diameter R m (θ)=R 0 and constant coupling K=2π. Both spectra are periodic, with one sharp transmission peak per period for M=3, and two peaks per period for M=4. In the following we investigate the parameter dependence of the FWHM of the peak closest to the central wavelength (1550 nm); for the spectra shown in Fig. 2 , for example, these are peak A for M=3 and peak B for M=4. 
FWHM AND Q-FACTOR IN DIFFERENT GEOMETRIES
In this section, we investigate the effect of different geometries on the FWHM and on the Q-factor of ONMRs. To this end we suppose that the coupling coefficient κ is independent of θ, i.e., that the pitch between adjacent turns of the coil is constant and thus the coupling parameter K is constant. The radii of the individual turns, on the other hand, are assumed to vary with angle θ and turn index m. We consider the three simple fundamental geometries illustrated in Fig. 3 , given by the following profiles: 
where m=1,2…M, dR/R 0 <<1, and |R m+1 (θ)-R m (θ)|=dR for all m. Here we use dR=0.1 µm.
The FWHM of the transmission peak near 1550 nm for the three profiles has been calculated from Eqs. (1)- (8) . The resulting dependence of the FWHM on K is shown in Fig. 4 For most applications it is desirable to maximize the Q-factor of the ONMR. In principle, this can be achieved by selecting a K for which the FWHM is minimized. However, fabrication of the corresponding ONMR is extremely difficult because K is enormously sensitive to the distance between adjacent turns. It is therefore preferable to find ONMR geometries and/or coupling profiles for which the FWHM varies slowly with K. As shown in Fig. 4 , we find that an X-shaped resonator has a flatter FWHM than one with profile H, and profile H has a flatter FWHM than profile V. This implies that some geometries may lead to easier fabrication of high-Q resonators than others. In order to quantify this effect, we introduce the "tolerance ratio" which we define as the fraction of K values where the FWHM is close to the minimum within a given interval. In practical terms, the tolerance ratio is the probability that an arbitrarily chosen value of K will result in an ONMR with near-maximum Q-factor. Specifically, we consider FWHM<0.01 nm in the whole interval K=0 to K M and in the smaller interval K=0.8K M to K M . Fig. 5 shows the tolerance ratios for ONMRs with M=3-9 turns, which are considered a feasible target with the current technology. The tolerance ratios of the H and X profiles increase quickly with M. This indicates that high Q-factors are readily achieved by fabricating resonators with as many turns as possible. Note however that this assumes a high degree of accuracy over the entire structure, which is extremely challenging to maintain under practical fabrication conditions. The X profile is the optimal shape and its tolerance ratio is nearly 50% larger than that of the H profile. The V profile is by far the worst geometry, with a tolerance ratio close to zero. Therefore, the X profile provides the largest choice of K values to achieve an optimal Q-factor. 
FWHM AND Q-FACTOR IN DIFFERENT COUPLING PROFILES
In Section 3, the coupling parameter was supposed constant and only the resonator geometry was changed. By contrast, in this section we will investigate the effects of varying the coupling parameter along the length of the microcoil while keeping the coil radius constant. We expect that fabrication of such ONMRs will be even more challenging than the fabrication of ONMRs of varying geometry as described above, since varying the coupling profile requires a controlled and extremely accurate design of the pitch along the length of the ONMR. The three different coupling profiles illustrated in Fig. 6 will be discussed in the following. Profile I is the uniform case with constant coupling already discussed in Section 3; profile II exhibits an increasing pitch from the bottom to the top;
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and profile III has an increasing pitch from the center to the edges. Defining the coupling parameter
, the three profiles can be expressed as:
( 1 0 a ) II (Linear):
where p=1,2…M-1 and K c is the maximum coupling parameter.
As previously, we calculate the FWHM of the transmission peak closest to 1550 nm wavelength by solving Eqs. (1)- (8). Fig. 7 shows the dependence of the FWHM on K for the three profiles when M=3 and 4. The most important observation here is that profile III exhibits a very small and flat FWHM for all values of K>10 for M=3 and for K>4 for M=4. The tolerance ratios of the three coupling profiles for M=3-9 are shown in Fig. 8 . Coupling profiles II and III present a similar behavior to the geometric profiles V and X discussed in Sec. 3. The tolerance ratio is always very large (near 100%) for profile III and very small (<15%) for profile II. Note that limiting the sampling range of K can modify the behavior of the tolerance ratio as observed in Fig. 8 for profile III and K=16 to 20, where the tolerance ratio is no longer increasing monotonically with M but has a marked minimum at M=5. The reason for this effect can be seen more clearly on a logarithmic plot of the FWHM versus the coupling parameter, shown in Fig. 9 . The FWHM fluctuates widely, and thus the tolerance ratios increase monotonically only when the sampling range of K is sufficiently large (for example 0-20).
These results show clearly that high-Q-factor ONMRs can be achieved more easily by a gradual increase of the microcoil pitch from the center towards the two ends. However, the actual fabrication of ONMRs with variable coupling profiles remains a very challenging task with current technology. 
SUMMARY AND CONCLUSION
The coupled wave equations for optical-nanofiber microcoil resonators have been solved for different geometries and different coupling profiles. Two routes towards improved tolerance of the Q-factor on the value of the coupling parameter between adjacent turns have been identified. (i) Wrapping the microcoil with constant pitch around a lowrefractive-index rod with a bi-conical profile results in increased tolerance, in particular for ONMRs with a few (<10) turns. (ii) A microcoil wrapped around a cylindrical rod with a pitch increasing from the center towards the ends gives high tolerance even for coils of only 3 turns. Both schemes are technologically very challenging, but promise significant improvements over the generic design of a coil of constant pitch on a cylindrical rod.
